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MULTILINEAR FRACTIONAL TYPE OPERATORS
AND THEIR COMMUTATORS ON HARDY SPACES WITH
VARIABLE EXPONENTS
JIAN TAN
Abstract. In this article, we show that multilinear fractional type operators are
bounded from product Hardy spaces with variable exponents into Lebesgue spaces
with variable exponents via the atomic decomposition theory. We also study conti-
nuity properties of commutators of multilinear fractional type operators on product
of certain Hardy spaces with variable exponents.
1. Introduction
The study of Hardy spaces began in the early 1900s in the context of Fourier
series and complex analysis in one variable. It was not until 1960 when the ground-
breaking work in Hardy space theory in Rn came from Stein, Weiss, Coifman and
C. Fefferman in [5, 6, 14]. The classical Hardy space can be characterized by the
Littlewood-Paley-Stein square functions, maximal functions and atomic decomposi-
tions. Especially, atomic decomposition is a significant tool in harmonic analysis and
wavelet analysis for the study of function spaces and the operators acting on these
spaces. Atomic decomposition was first introduced by Coifman ([5]) in one dimension
in 1974 and later was extended to higher dimensions by Latter ([23]). As we all know,
atomic decompositions of Hardy spaces play an important role in the boundedness
of operators on Hardy spaces and it is commonly sufficient to check that atoms are
mapped into bounded elements of quasi-Banach spaces.
Another stage in the progress of the theory of Hardy spaces was done by Nakai
and Sawano ([28]) and Cruz-Uribe and Wang ([11]) recently when they independently
considered Hardy spaces with variable exponents. It is quiet different to obtain the
boundedness of operators on Hardy spaces with variable exponents. It is not sufficient
to show theHp(·)-boundedness merely by checking the action of the operators onHp(·)-
atoms. In the linear theory, the boundedness of some operators on variable Hardy
spaces have been established in [11, 18, 28, 34, 42] as applications of the corresponding
atomic decompositions theories.
In more recent years, the study of multilinear operators on Hardy space theory has
received increasing attention by many authors, see for example [17, 19, 20]. While
the multilinear operators worked well on the product of Hardy spaces, it is surprising
that these similar results in the setting of variable exponents were unknown for a
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long time. The boundedness of some multilinear operators on products of classical
Hardy spaces was investigated by Grafakos and Kalton ([17]) and Li et al. ([25]). In
[38], Tan et al. studied some multilinear operators are bounded on variable Lebesgue
spaces Lp(·). However, there are some subtle difficulties in proving the boundedness
results when we deal with the Hp(·)-norm. The first goal of this article is to show that
multilinear fractional type operators are bounded from product of Hardy spaces with
variable exponents into Lebesgue or Hardy spaces with variable exponents via atomic
decompositions theory. We also remark that some boundedness of many types of
multilinear operators on some variable Hardy spaces have established in [9, 36, 37, 39].
After we were completing this paper we learned that some of similar results had
been also established independently by Cruz-uribe et al. [10] independently though
our approaches are very different. Besides, we also obtained the boundedness of
commutators of multilinear fractional type operators on variable Hardy spaces, which
is also interesting and useful.
On the other hand, we study the boundedness of commutators of multilinear frac-
tional type operators. In 1976, Coifman et al. ([4]) studied the Lp boundedness of
linear commutators generated by the Caldero´n-Zygmund singular integral operator
and b ∈ BMO. In 1982, Chanillo ([2]) consider the boundedness of commutators of
fractional integral operators on classical Lebesgue spaces. Similar to the property of
a linear Caldero´n-Zygmund operator, a linear fractional type operator Iα associated
with a BMO function b fails to satisfy the continuity from the Hardy space Hp into
Lp for p ≤ 1. In 2002, Ding et al. ([13]) proved that [b, Iα] is continuous from an
atomic Hardy space Hpb into L
p, where Hpb is a subspace of the Hardy space H
p for
n/(n + 1) < p ≤ 1. In addition, the boundedness of the commutators of multilinear
operators has also been studied already in [3, 27, 32]. Then, Li and Xue ([24]) con-
sider continuity properties for commutators of multilinear type operators on product
of certain Hardy spaces. It is natural to ask whether such results are also hold in
variable exponents setting. The answer is affirmative. The second purpose in this ar-
ticle is to study the commutators of multilinear fractional type operators on product
of certain Hardy spaces with variable exponents. To do so, we will introduce a new
atomic space with variable exponents, H
p(·)
b , which is a subspace of the Hardy space
with variable exponents Hp(·) and obtain the endpoint (H
p1(·)
b × · · · × Hpm(·)b , Lq(·))
boundedness for multilinear fractional type operators.
First we recall the definition of Lebesgue spaces with variable exponent. Note that
the variable exponent spaces, such as the variable Lebesgue spaces and the variable
Sobolev spaces, were studied by a substantial number of researchers (see, for instance,
[8, 22]). For any Lebesgue measurable function p(·) : Rn → (0,∞] and for any
measurable subset E ⊂ Rn, we denote p−(E) = infx∈E p(x) and p+(E) = supx∈E p(x).
Especially, we denote p− = p−(Rn) and p+ = p+(Rn). Let p(·): Rn → (0,∞) be
a measurable function with 0 < p− ≤ p+ < ∞ and P0 be the set of all these
p(·). Let P denote the set of all measurable functions p(·) : Rn → [1,∞) such that
1 < p− ≤ p+ <∞.
Definition 1.1. Let p(·) : Rn → (0,∞] be a Lebesgue measurable function. The
variable Lebesgue space Lp(·) consisits of all Lebesgue measurable functions f , for
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which the quantity
∫
Rn
|εf(x)|p(x)dx is finite for some ε > 0 and
‖f‖Lp(·) = inf
{
λ > 0 :
∫
Rn
( |f(x)|
λ
)p(x)
dx ≤ 1
}
.
The variable Lebesgue spaces were first established by Orlicz [30] in 1931. Two
decades later, Nakano [29] first systematically studied modular function spaces which
include the variable Lebesgue spaces as specific examples. However, the modern
development started with the paper [22] of Kova´cˇik and Ra´kosn´ık in 1991. As a
special case of the theory of Nakano and Luxemberg, we see that Lp(·) is a quasi-
normed space. Especially, when p− ≥ 1, Lp(·) is a Banach space.
We also recall the following class of exponent function, which can be found in [12].
Let B be the set of p(·) ∈ P such that the Hardy-littlewood maximal operator M is
bounded on Lp(·). An important subset of B is LH condition.
In the study of variable exponent function spaces it is common to assume that the
exponent function p(·) satisfies LH condition. We say that p(·) ∈ LH , if p(·) satisfies
|p(x)− p(y)| ≤ C− log(|x− y|) , |x− y| ≤ 1/2
and
|p(x)− p(y)| ≤ C
log |x|+ e, |y| ≥ |x|.
It is well known that p(·) ∈ B if p(·) ∈ P ∩ LH. Moreover, example shows that
the above LH conditions are necessary in certain sense, see Pick and Ru˙z˘ic˘ka ([33])
for more details. Next we also recall the definition of variable Hardy spaces Hp(·) as
follows.
Definition 1.2. ([11, 28]) Let f ∈ S ′, ψ ∈ S, p(·) ∈ P0 and ψt(x) = t−nψ(t−1x),
x ∈ Rn. Denote by M the grand maximal operator given by Mf(x) = sup{|ψt ∗
f(x)| : t > 0, ψ ∈ FN} for any fixed large integer N , where FN = {ϕ ∈ S :∫
ϕ(x)dx = 1,
∑
|α|≤N sup(1 + |x|)N |∂αϕ(x)| ≤ 1}. The variable Hardy space Hp(·) is
the set of all f ∈ S ′, for which the quantity
‖f‖Hp(·) = ‖Mf‖Lp(·) <∞.
Throughout this paper, C or c will denote a positive constant that may vary at
each occurrence but is independent to the essential variables, and A ∼ B means that
there are constants C1 > 0 and C2 > 0 independent of the essential variables such
that C1B ≤ A ≤ C2B. Given a measurable set S ⊂ Rn, |S| denotes the Lebesgue
measure and χS means the characteristic function. For a cube Q, let Q
∗ denote with
the same center and 2
√
n its side length, i.e. l(Q∗) = 100
√
nl(Q). The symbols S
and S ′ denote the class of Schwartz functions and tempered functions, respectively.
As usual, for a function ψ on Rn and ψt(x) = t
−nψ(t−1x). We also use the notations
j ∧ j′ = min{j, j′} and j ∨ j′ = max{j, j′}. Moreover, denote by Lqcomp the set of
all Lq-functions with compact support. For L = 0, 1, 2, . . . , PL denotes the set of
all polynomials with degree less than or equal to L and P−1 ≡ {0}. The spaces
P⊥L is the set of all integrable functions f satisfying
∫
Rn
(1 + |x|)L|A(x)|dx < ∞ and
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Rn
xαA(x)dx = 0 for all multiindices α such that |α| ≤ L. By convention, P⊥−1 is the
set of all measurable functions. For L = −1, 0, 1, · · · , define Lq,Lcomp ≡ Lqcomp ∩ P⊥L .
In what follows, we recall the new atoms for Hardy spaces with variable exponents
Hp(·), which is introduced in [34]. Define
p− = p
− ∧ 1, dp(·) ≡ [n/p− − n] ∨ −1
for p ∈ (0,∞). Let p(·) : Rn → (0,∞), 0 < p− ≤ p+ ≤ ∞. Fix an integer d ≥ dp(·)
and 1 < q ≤ ∞. A function a on Rn is called a (p(·), q)-atom, if there exists a cube
Q such that supp a ⊂ Q; ‖a‖Lq ≤ |Q|1/q;
∫
Rn
a(x)xαdx = 0 for |α| ≤ d. Especially,
the first two conditions can be replaced by |a| ≤ χQ when q =∞.
The atomic decomposition of Hardy spaces with variable exponents was first estab-
lished independently in [11, 28]. Moreover, Yang et al.[40, 41, 43] established some
equivalent characterizations of Hardy spaces with variable exponents. Recently, the
author revisited the atomic decomposition for Hp(·) via the Littlewood-Paley-Stein
theory in [35]. In this paper we will use the following decomposition results obtained
by Sawano ([34]), which extends and sharp the ones of above papers.
Theorem 1.1. [34] Let p(·) ∈ LH ∩ P0 and q > (p+ ∨ 1). Suppose that d ≥ dp(·)
and s ∈ (0,∞). If f ∈ Hp(·), there exists sequences of (p(·),∞)−atoms {aj} and
scalars {λj} such that f =
∑∞
j=1 λjaj in H
p(·) ∩ Lq and that∥∥∥∥∥∥
{
∞∑
j=1
(
λjχQj
)s} 1s∥∥∥∥∥∥
Lp(·)
≤ C‖f‖Hp(·).
The multilinear fractional type operators are natural generalization of linear ones.
Their earliest version was originated on the work of Grafakos ([15]) in 1992, in which
he studied the multilinear fractional integral defined by
I¯α(~f)(x) =
∫
Rn
1
|y|n−α
m∏
i=1
fi(x− θiy)dy,
where θi(i = 1, · · · , m) are fixed distinct and nonzero real numbers and 0 < α < n.
Later on, in 1998, Kenig and Stein [21] established the boundedness of another type of
multilinear fractional integral Iα,A on product of Lebesgue spaces. Iα,A(~f) is defined
by
Iα,A(~f)(x) =
∫
(Rn)m
1
|(y1, . . . , ym)|mn−α
m∏
i=1
fi(ℓi(y1, . . . , ym, x))dyi,
where ℓi is a linear combination of yjs and x depending on the matrix A. In [26], Lin
and Lu obtained Iα,A is bounded from product of Hardy spaces to Lebegue spaces
when ℓi(y1, . . . , ym, x) = x − yi. We denote this multilinear fractional type integral
operators by Iα, namely,
Iα(~f)(x) =
∫
(Rn)m
1
|(y1, . . . , ym)|mn−α
m∏
i=1
fi(x− yi)dyi.
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For convenience, we also denote Kα(y1, . . . , ym) =
1
|(y1,...,ym)|mn−α
.
For any 1 ≤ j ≤ m, we can define the commutator of multilinear operator by
[b, T ]j(~f)(x) := bT (~f)(x)− T (f1, . . . , bfj , . . . , fm)(x),
where b is a locally integral function and T is a multilinear operator.
Then [b, Iα]j(~f) is defined by
[b, Iα]j(~f)(x) =
∫
(Rn)m
(b(x)− b(yj))
∏m
i=1 fi(yi)
(
∑m
i=1 |x− yi|)nm−α
m∏
i=1
dyi.
In Section 2, we will show that Iα is bounded from product of Hardy spaces with
variable exponents to Lebegue or Hardy spaces with exponents. Then we will in-
troduce the new atomic Hardy spaces with variable exponents H
p(·)
b in section 3.
Moreover, we also consider continuity properties for commutators of multilinear type
operators on product of the atomic Hardy spaces with variable exponents H
p(·)
b .
2. Multilinear fractional type operators on product of Hardy
spaces with variable exponents
In this section, we will discuss the boundedness of multilinear fractional type oper-
ators on product of Hardy spaces with variable exponents. The results are new even
of the classsical constant
∏m
j=1H
pj → Hq boundedness for multilinear fractional type
operators. First we introduce some necessary notations and requisite lemmas. The
following generalized Ho¨lder inequality on variable Lebesgue spaces can be found in
in [7] or [38].
Lemma 2.1. Given exponent function pi(·) ∈ P0, define p(·) ∈ P0 by
1
p(x)
=
m∑
i=1
1
pi(x)
,
where i = 1, . . . , m. Then for all fi ∈ Lpi(·) and f1 · · · fm ∈ Lp(·) and
‖
m∏
i=1
fi‖p(·) ≤ C
m∏
i=1
‖fi‖pi(·).
Lemma 2.2. ([38]) Let m ∈ N,
1
s(x)
=
m∑
i=1
1
ri(x)
− α
n
, x ∈ Rn,
with 0 < α < mn, 1 < ri ≤ ∞. Then
‖Iα(~f)‖s(·) ≤ C
m∏
i=1
‖fi‖ri(·).
6 JIAN TAN
We also need the following boundedness of the vector-valued fractional maximal
operators on variable Lebesgue spaces whose proof can be found in [7]. Let 0 ≤ α < n,
we define
Mαf(x) = sup
Q∋x
1
|Q|1−α/n
∫
Q
|f(y)|dy.
Lemma 2.3. Let 0 ≤ α < n, p(·), q(·) ∈ B be such that p+ < n
α
and
1
p(x)
− 1
q(x)
=
α
n
, x ∈ Rn.
If q(·)(n− α)/n ∈ B, then for any q > 1, f = {fi}i∈Z, fi ∈ Lloc, i ∈ Z
‖‖Mα(f)‖lq‖Lq(·) ≤ C‖‖f ||lq‖Lp(·),
where Mα(f) = {Mα(fi)}i∈Z.
Lemma 2.4. [22] Let p(·) ∈ P, f ∈ Lp(·) and g ∈ Lp′(·), then fg is integrable on
R
n and ∫
Rn
|f(x)g(x)|dx ≤ rp‖f‖Lp(·)‖g‖Lp′(·),
where rp = 1 + 1/p
− − 1/p+. Moreover, for all g ∈ Lp′(·) such that ‖g‖Lp′(·) ≤ 1 we
get that
‖f‖Lp(·) ≤ sup
g
|
∫
Rn
f(x)g(x)dx| ≤ rp‖f‖Lp(·).
Our first theorem is the following.
Theorem 2.5. Let 0 < α < n. Suppose that p1(·), . . . , pm(·) ∈ LH ∩ P0 and
q(·) ∈ P0 be Lebesgue measure functions satisfying
1
p1(x)
+ · · ·+ 1
pm(x)
− α
n
=
1
q(x)
, x ∈ Rn.(2.1)
Then Iα can be extended to a bounded operator from
∏m
j=1H
pj(·) into Lq(·).
Proof Observe that pj(·) ∈ LH∩P0 and choose that q¯ > (p+j ∨1), j = 1, · · · , m. By
Theorem 1.1, for each fj ∈ Hpj(·) ∩ Lq¯, j = 1, . . . , m, fj admits an atomic decompo-
sition: Suppose that dj ≥ dpj(·) and s ∈ (0,∞). If f ∈ Hpj(·), there exists sequences
of (pj(·),∞)−atoms {aj,kj} and scalars {λj,kj} such that fj =
∑∞
kj=1
λj,kjaj,kj in
Hpj(·) ∩ Lq¯ and that∥∥∥∥∥∥∥


∞∑
kj=1
(
λj,kjχQj,kj
)s

1
s
∥∥∥∥∥∥∥
Lpj (·)
≤ C‖fj‖Hpj (·).
For the decomposition of fj, j = 1, . . . , m, we write
Iα(~f)(x) =
∑
k1
· · ·
∑
km
λ1,k1 · · ·λm,kmIα(a1,k1 , . . . , am,km)(x)
in the sense of distributions.
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Fixed k1, · · · , km, there are two cases for x ∈ Rn.
Case 1: x ∈ Q∗1,k1 ∩ · · · ∩Q∗m,km .
Case 2: x ∈ Q∗,c1,k1 ∪ · · · ∪Q∗,cm,km .
Then we have
|Iα(~f)(x)| ≤
∑
k1
· · ·
∑
km
|λ1,k1| · · · |λm,km||Iα(a1,k1, . . . , am,km)(x)|χQ∗1,k1∩···∩Q∗m,km (x)
+
∑
k1
· · ·
∑
km
|λ1,k1| · · · |λm,km||Iα(a1,k1, . . . , am,km)(x)|χQ∗,c1,k1∪···∪Q∗,cm,km (x)
= I1(x) + I2(x).
First, we consider the estimate of I1(x). We will show that
‖I1‖Lq(·) ≤ C
m∏
j=1
‖fj‖Hpj(·) .(2.2)
For fixed k1, . . . , km, assume that Q
∗
1,k1
∩ · · · ∩Q∗m,km 6= 0, otherwise there is nothing
to prove. Without loss of generality, suppose that Q1,k1 has the smallest size among
all these cubes. We can pick a cube Gk1,··· ,km such that
Q∗1,k1 ∩ · · · ∩Q∗m,km ⊂ Gk1,...,km ⊂ G∗k1,...,km ⊂ Q∗∗1,k1 ∩ · · · ∩Q∗∗m,km
and |Gk1,...,km | ≥ C|Q1,k1|.
Denote H(x) := |Iα(a1,k1 , . . . , am,km)(x)|χQ∗1,k1∩···∩Q∗m,km (x). Obviously,
suppH(x) ⊂ Q∗1,k1 ∩ · · · ∩Q∗m,km ⊂ Gk1,··· ,km.
By Lemma 2.2, since Iα maps L
r1 ×L∞×· · ·×L∞ into Ls (s > 1 and 1
s
= 1
r1
− α
n
),
we get that
‖H‖Ls ≤ ‖Iα(a1,k1, . . . , am,km)‖Ls
≤ C‖a1,k1‖Lr1‖a2,k2‖L∞ · · · ‖am,km‖L∞
≤ C|Q1,k1 |
1
r1 ‖a2,k2‖L∞‖am,km‖L∞
≤ C|Q1,k1 |
1
r1
≤ C|Gk1,...,km|
1
r1 .
(2.3)
For any g ∈ L(q(·)/q−)′ with ‖g‖L(q(·)/q−)′ ≤ 1, by Ho¨lder inequality and (2.3) we find
that ∣∣∣∣
∫
Rn
H(x)q
−
g(x)dx
∣∣∣∣ ≤ ‖Hq−‖Ls/q−‖g‖L(s/q)′
≤C|Gk1,...,km|
q−
r1
(∫
Gk1,...,km
|g(x)|(s/q−)′dx
) 1
(s/q−)′
,
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where (s/q−)′ is the conjugate of s/q−. Thus,∣∣∣∣
∫
Rn
H(x)q
−
g(x)dx
∣∣∣∣
≤C|Gk1,...,km|1+
αq−
n
(
1
|Gk1,...,km|
∫
Gk1,...,km
|g(x)|(s/q−)′dx
) 1
(s/q−)′
≤C|Gk1,...,km|
αq−
n |Gk1,...,km| inf
x∈Rk1,k2
M(|g|(s/q−)′)(x) 1(s/q−)′
≤C|Gk1,...,km|
αq−
n
∫
Gk1,...,km
(M(|g|(s/q−)′)) 1(s/q−)′ (x)dx.
When 0 < q− ≤ 1, using Lemma 2.4 we obtain that∣∣∣∣∣
∫
Rn
( ∑
k1,··· ,km
|
m∏
j=1
λj,kj |q
−|Iα(a1,k1, . . . , am,km)(x)|q
−
χQ∗1,k1∩···∩Q
∗
m,km
(x)
)
g(x)dx
∣∣∣∣∣
≤
∑
k1
· · ·
∑
km
|
m∏
j=1
λj,kj |q
−
∣∣∣∣∣
∫
Gk1,...,km
H(x)q
−
g(x)dx
∣∣∣∣∣
≤C
∑
k1
· · ·
∑
km
|
m∏
j=1
λj,kj |q
−|Gk1,...,km|
αq−
n
×
∫
Gk1,...,km
(M(|g|(s/q−)′)) 1(s/q−)′ (x)dx
=C
∫
Rn
∑
k1
· · ·
∑
km
m∏
j=1
|λj,kj |q
−
χGk1,...,km |Gk1,...,km|
αq−
n
× (M(|g|(s/q−)′)) 1(s/q−)′ (x)dx
≤C
∥∥∥∥∥
∑
k1
· · ·
∑
km
m∏
j=1
|λj,kj |q
−|Gk1,...,km|
αq−
n χGk1,...,km
∥∥∥∥∥
Lq(·)/q
−
× ‖(M(|g|(s/q−)′)) 1(s/q−)′ ‖L(q(·)/q− )′
≤C
∥∥∥∥∥
∑
k1
· · ·
∑
km
m∏
j=1
|λj,kj |q
−|Gk1,...,km|
αq−
n χGk1,...,km
∥∥∥∥∥
Lq(·)/q
−
× ‖(M(|g|(s/q−)′))‖
1
(s/q−)′
L(q(·)/q−)′/(s/q−)′
.
Choose s large enough such that (q(·)/q−)′/(s/q−)′ > 1. Then by Hardy-Littlewood
operator M is bounded on Lq
′(·)/(s/q−)′q− and ‖g‖L(q(·)/q−)′ ≤ 1, we know that
‖(M(|g|(s/q−)′))‖
1
(s/q−)′
L(q(·)/q−)′/(s/q−)′
≤ C.
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Applying Lemma 2.4 again, we get that∥∥∥∥∥
∑
k1
· · ·
∑
km
|λ1,k1|q
− · · · |λm,km|q
−|Iα(a1,k1, . . . , am,km)(x)|q
−
χQ∗1,k1∩···∩Q
∗
m,km
∥∥∥∥∥
Lq(·)/q
−
≤ C
∥∥∥∥∥
∑
k1
· · ·
∑
km
m∏
j=1
|λj,kj |q
−|Gk1,...,km|
αq−
n χGk1,...,km
∥∥∥∥∥
Lq(·)/q
−
≤ C
∥∥∥∥∥∥
m∏
j=1
∑
kj
|λj,kj |q
−|Qj,kj |
αq−
mn χQ∗∗j,kj
∥∥∥∥∥∥
Lq(·)/q
−
.
Denote 1
qj(x)
= 1
pj(x)
− α
mn
for any x ∈ Rn, j = 1, . . . , m. Then qj(·) ∈ P0 and for
any x ∈ Rn
1
q(x)
=
1
p1(x)
+ · · ·+ 1
pm(x)
− α
n
=
1
q1(x)
+ · · ·+ 1
qm
.
By Lemma 2.1, we obtain
∥∥∥∥∥∥
m∏
j=1
∑
kj
|λj,kj |q
−|Qj,kj |
αq−
mn χQ∗∗j,kj
∥∥∥∥∥∥
1
q−
Lq(·)/q
−
≤
m∏
j=1
∥∥∥∥∥∥
∑
kj
|λj,kj |q
−|Qj,kj |
αq−
mn χQ∗∗j,kj
∥∥∥∥∥∥
1
q−
Lqj (·)/q
−
(2.4)
Furthermore, it is easy to verify that
|Qj,kj |
α
mnχQ∗∗j,kj
(x) ≤ CMαq−/2m(χQ∗∗j,kj )
2
q− (x).
Applying Lemma 2.6, then we get that
∥∥∥∥∥∥
∑
kj
|λj,kj |q
−|Qj,kj |
αq−
mn χQ∗∗j,kj
∥∥∥∥∥∥
1
q−
Lqj (·)/q
−
=
∥∥∥∥∥∥∥

∑
kj
(
|λj,kj ||Qj,kj |
α
mnχQ∗∗j,kj
)q−
1
q−
∥∥∥∥∥∥∥
Lqj (·)
≤ C
∥∥∥∥∥∥∥

∑
kj
(
|λj,kj |Mαq−/2m(χQ∗∗j,kj )
2
q−
)q−
1
q−
∥∥∥∥∥∥∥
Lqj (·)
= C
∥∥∥∥∥∥∥

∑
kj
|λj,kj |q
−
Mαq−/2m(χQ∗∗j,kj
)2


1
q−
∥∥∥∥∥∥∥
Lqj(·)
≤ C
∥∥∥∥∥∥∥

∑
kj
|λj,kj |q
−
Mαq−/2m(χQ∗∗j,kj
)2


1
2
∥∥∥∥∥∥∥
2
q−
L2qj (·)/q
−
≤ C
∥∥∥∥∥∥∥

∑
kj
|λj,kj |q
−
χQ∗∗j,kj


1
2
∥∥∥∥∥∥∥
2
q−
L2pj (·)/q
−
.
(2.5)
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Applying Fefferman-Stein vector value inequality on L2pj(·)/q
−
, we get that
∥∥∥∥∥∥∥

∑
kj
|λj,kj |q
−
χQ∗∗j,kj


1
2
∥∥∥∥∥∥∥
2
q−
L2pj(·)/q
−
≤
∥∥∥∥∥∥∥

∑
kj
|λj,kj |q
−
M(χQj,kj )
2


1
2
∥∥∥∥∥∥∥
2
q−
L2pj (·)/q
−
≤ C
∥∥∥∥∥∥∥

∑
kj
(
|λj,kj |χQ∗∗j,kj
)q−
1
q−
∥∥∥∥∥∥∥
Lpj (·)
≤ ‖f‖
Hpj(·)
(2.6)
Therefore, when 0 < q− ≤ 1, by (2.4), (2.5) and (2.6) we have that
‖I1‖Lq(·) = ‖(I1)q
−‖
1
q−
Lq(·)/q
−
≤ C
∥∥∥∥∥∥
m∏
j=1
∑
kj
|λj,kj |q
−|Qj,kj |
αq−
mn χQ∗∗j,kj
∥∥∥∥∥∥
1
q−
Lq(·)/q
−
≤ C
m∏
j=1
‖f‖
Hpj(·)
When q− > 1, repeating similar but more easier argument, we can also get the
desired result (2.2). In fact, we only need to replace p− by 1 in the above proof. We
omit the detail.
Secondly, we consider the estimate of I2. Let A be a nonempty subset of {1, . . . , m},
and we denote the cardinality of A by |A|, then 1 ≤ |A| ≤ m. Let Ac = {1, . . . , m}\A.
If A = {1, . . . , m}, we define
(∩j∈AQ∗,cj,kj) ∩ (∩j∈AcQ∗,cj,kj) = ∩j∈AQ∗,cj,kj ,
then
Q∗,c1,k1 ∪ · · · ∪Q∗,cm,km = ∪A⊂{1,...,m}((∩j∈AQ∗,cj,kj) ∩ (∩j∈AcQ∗j,kj)).
Set EA = (∩j∈AQ∗,cj,kj)∩ (∩j∈AcQ∗j,kj). For fixed A, assume that Qj˜,kj˜ is the smallest
cubes in the set of cubes Qj,kj , j ∈ A. Let zj˜,kj˜ is the center of the cube Qj˜,kj˜ .
Denote Kα(x, y1, . . . , ym) = |(x − y1, . . . , x − ym)|−mn+α. Notice that for all |β| =
d+ 1, β = (β1, . . . , βm)
|∂β1y1 · · ·∂βmymKα(x, y1, . . . , ym)| ≤ C|(x− y1, . . . , x− ym)|−mn+α−|β|.(2.7)
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Since aj˜,kj˜ has zero vanishing moment up to order dj, using Taylor expansion we
get
Iα(a1,k1 , . . . , am,km)(x)
=
∫
(Rn)m
Kα(x, y1, . . . , ym)a1,k1(y1) · · ·am,km(ym)d~y
=
∫
(Rn)m−1
∏
j 6=j˜
aj,kj(yj)
∫
Rn
[Kα(x, y1, . . . , ym)− P dzj˜,k
j˜
(x, y1, . . . , ym)]aj˜,kj˜d~y
=
∫
(Rn)m−1
∏
j 6=j˜
aj,kj(yj)
∫
Rn
∑
|γ|=d+1
(∂γyj˜Kα)(x, y1, . . . , ξ, . . . , ym)
(yj˜ − zj˜,kj˜)γ
γ!
aj˜(yj˜)d~y
for some ξ on the line segment joining yj˜ to zj˜,kj˜ , where P
d
zj˜,k
j˜
(x, y1, . . . , ym) is Taylor
polynomial ofKα(x, y1, . . . , ym). Since x ∈ (Q∗j˜,kj˜)
c, we can easily obtain that |x−ξ| ≥
1
2
|x− zj˜,kj˜ |. Similarly, |x− yj| ≥
1
2
|x− zj,kj | for yj ∈ Qj,kj , j ∈ A\{j˜}.
Applying the estimate for the kernel Kα satisfies (2.7) and the size estimates for
the new atoms yield
∫
(Rn)m−1
∏
j 6=j˜
|aj,kj(yj)|
∫
Rn
∑
|γ|=d+1
|(∂γyj˜Kα)(x, y1, . . . , ξ, . . . , ym)|
|yj˜ − zj˜,kj˜ |γ
γ!
|aj˜(yj˜)|d~y
≤C
∫
(Rn)|A|
∏
j∈A
|aj,kj(yj)|
∫
(Rn)m−|A|
|yj˜ − zj˜,kj˜ |d+1
(|x− ξ|+∑j 6=j˜ |x− yj|)mn+d+1−α
∏
j∈Ac
|aj,kj(yj˜)|d~y
≤C
(∏
j∈A
‖aj,kj‖L1
)( ∏
j∈Ac
‖aj,kj‖L∞
)∫
(Rn)m−|A|
|yj˜ − zj˜,kj˜ |d+1
(|x− ξ|+∑j 6=j˜ |x− yj|)mn+d+1−αd~yAc
≤C
(∏
j∈A
‖aj,kj‖L1
)( ∏
j∈Ac
‖aj,kj‖L∞
) |yj˜ − zj˜,kj˜ |d+1
(
∑
j∈A |x− zj,kj |)mn+d+1−α−n(m−|A|)
≤C
(∏
j∈A
|Qj,kj |
)( ∏
j∈Ac
‖aj,kj‖L∞
) |Qj˜,kj˜ |(d+1)/n
(
∑
j∈A |x− zj,kj |)mn+d+1−α−n(m−|A|)
.
Observe that x ∈ ∩j∈AQ∗,cj,kj , then we can found constant C such that |x− zj,kj | ≥
C(|x− zj,kj |+ l(Qj,kj)). On the other hand, using the fact that x ∈ ∩j∈AcQ∗j,kj yields
that there exists a constant C such that |x− zj,kj | ≤ Cl(Qj,kj) for j ∈ Ac. Then we
have that
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
≥ C, for j ∈ Ac.
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Moreover, since Qj˜,kj˜ is the smallest cube among {Qj,lj}j∈A, we have that
|Qj˜,kj˜ | ≤
∏
j∈A
|Qj,lj |
1
|A| .
Thus,
|Iα(a1,k1, . . . , am,km)(x)|
≤C
(∏
j∈A
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
− α
|A|
)( ∏
j∈Ac
‖aj,kj‖L∞
)
≤C
∏
j∈A
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
− α
|A|
∏
j∈Ac
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
(2.8)
for all x ∈ EA.
Then applying the generalized Ho¨lder’s inequality in variable Lebesgue spaces and
Fefferman-Stein inequality in Lemma 2.3 we obtain the estimate
‖I2‖Lq(·) ≤ C
∥∥∥∥∥
∑
k1
· · ·
∑
km
m∏
j=1
|λj,kj |
∑
A⊂{1,...,m}
∏
j∈A
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
− α
|A|
×
∏
j∈Ac
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
χEA
∥∥∥∥∥
Lq(·)
≤C
∑
A⊂{1,...,m}
∥∥∥∥∥
∏
j∈A
∑
kj
|λj,kj |
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
− α
|A|
×
∏
j∈Ac
∑
kj
|λj,kj |
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
χEA
∥∥∥∥∥
Lq(·)
.
(2.9)
For x ∈ Rn, denote 1
sj(x)
= 1
pj(x)
− α
n|A|
, j ∈ A. Then 0 < r(x) <∞ and
1
q(x)
=
m∑
j
1
pj(x)
− α
n
=
∑
j∈A
1
sj(x)
+
∑
j∈Ac
1
pj(x)
.
For convenience, we denote that
UA =
∑
kj
|λj,kj |
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
− α
|A|
and
UAc =
∑
kj
|λj,kj |
|Qj,kj |1+
d+1
n|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
.
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Applying (2.9) and the generalized Ho¨lder inequality with variable exponents sj(·) , j ∈
A, pj(·) , j ∈ Ac and q(·) yield that
‖I2‖Lq(·) ≤ C
∑
A⊂{1,...,m}
∥∥∥∥∥
∏
j∈A
UA
∏
j∈Ac
UAcχEA
∥∥∥∥∥
Lq(·)
≤ C
∑
A⊂{1,...,m}
(∏
j∈A
‖UAχEA‖Lsj(·)
)(∏
j∈Ac
‖UAcχEA‖Lpj(·)
)
.
(2.10)
Denote θ =
n+ d+1
|A|
n
and we can choose d large enough such that θp−j > 1 and
θs−j > 1. Notice that
1
θsj(x)
= 1
θpj(x)
− α/θ|A|
n
. By Lemma 2.3, we get that
∏
j∈A
‖UAχEA‖Lsj (·) =
∏
j=A
∥∥∥∥∥∥
∑
kj
|λj,kj |
l(Qj,kj)
n+ d+1
|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
− α
|A|
∥∥∥∥∥∥
Lsj(·)
≤ C
∏
j∈A
∥∥∥∥∥∥∥

∑
kj
|λj,kj |(Mα/θ|A|χQj,kj )θ


1/θ
∥∥∥∥∥∥∥
θ
Lθsi(·)
≤
∏
j∈A
∥∥∥∥∥∥∥

∑
kj
|λj,kj |χQj,kj


1
θ
∥∥∥∥∥∥∥
θ
Lθpj(·)
≤ C
∏
j∈A
‖fj‖Hpj(·),
(2.11)
where the first inequality follows from the following claim which can be proved
easily: For any x ∈ Rn and 0 ≤ α <∞, there exists a constant C such that
rn
(r + |x− y|)n−α ≤ C(MαχQ(y,r))(x),
where Q(y, r) is a cube centered in y and r its side length.
Repeating the similar argument to (2.11) with α = 0, we get that
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∏
j∈Ac
‖UAcχEA‖Lpj(·) =
∏
j=Ac
∥∥∥∥∥∥
∑
kj
|λj,kj |
l(Qj,kj)
n+ d+1
|A|
(|x− zj,kj |+ l(Qj,kj))n+
d+1
|A|
∥∥∥∥∥∥
Lpj (·)
≤ C
∏
j∈Ac
∥∥∥∥∥∥
∑
kj
|λj,kj |(MχQj,kj )θ
∥∥∥∥∥∥
Lpi(·)
≤
∏
j∈Ac
∥∥∥∥∥∥∥

∑
kj
|λj,kj |χQj,kj


1
θ
∥∥∥∥∥∥∥
θ
Lθpj(·)
≤ C
∏
j∈Ac
‖fj‖Hpj (·).
(2.12)
Therefore, for any fj ∈ Hpj(·)∩Lp
−
j +1 by the estimates (2.2), (2.10), (2.11) and (2.12)
then we have
‖Iα(~f)‖Lq(·) ≤ C
m∏
j=1
‖fj‖Hpj (·).(2.13)
From Remark 4.12 in [28], we have that Hpj(·)∩Lp¯ is dense in Hpj(·). Thus, by the
density argument we prove Theorem 2.5.

3. Commutators of multilinear fractional type operators on certain
Hardy spaces with variable exponents
In this section, we will study continuity properties of commutators of multilinear
fractional type operators on product of certain Hardy spaces with variable exponents.
The results are even new for the linear case in the variable exponents setting. First
we introduce a new atomic Hardy space with variable exponent H
p(·)
b .
Definition 3.1. Let b be a locally integrable function and d ≫ 1. It is said that a
bounded function a is a (p(·), b, d,∞)−atom if it satisfies
(1) supp a ⊂ Q = Q(x0, r) for some r > 0;
(2) ‖a‖∞ ≤ 1‖χQ‖Lp(·) ;
(3)
∫
Rn
a(x)xαdx =
∫
Rn
a(x)b(x)xαdx = 0 for any |α| ≤ d.
A temperate distribution f is said to belong to the atomic Hardy space H
p(·)
b , if it can
be written as
f =
∞∑
j=1
λjaj ,
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in S ′−sense, where a is a (p(·), b, d,∞)−atom and
A({λj}∞j=1, {Qj}∞j=1) :=
∥∥∥∥∥∥
{∑
j
( |λj|χQj
‖χQj‖Lp(·)
)p−} 1p− ∥∥∥∥∥∥
Lp(·)
<∞.
Moreover, we define the quasinorm on H
p(·)
b by
‖f‖
H
p(·)
b
= inf A({λj}∞j=1, {Qj}∞j=1).
where the infimum is taken over all admissible expressions as in f =
∑∞
j=1 λjaj .
Obviously, the new atomic Hardy space with variable exponent H
p(·)
b is a subspace
of the Hardy space with variable exponent Hp(·). When p(·) = constant, the spaces
H1b and H
p
b first appeared in [31] and [1]. Now we state our second results.
Theorem 3.1. Let 0 < α < n and b ∈ BMO. Suppose that p1(·), . . . , pm(·) ∈
LH ∩ P0 and q(·) ∈ P0 be Lebesgue measure functions satisfying
1
p1(x)
+ · · ·+ 1
pm(x)
− α
n
=
1
q(x)
, x ∈ Rn.(3.1)
Then for any 1 ≤ j ≤ m the operator [b, Iα]j can be extended to a bounded operator
from
∏m
i=1H
pi(·)
b into L
q(·) which satisfies the norm estimate
‖[b, Iα]j(~f)‖Lq(·) ≤ C‖b‖BMO
m∏
i=1
‖fi‖Hpi(·)b .
Proof The idea of the proof is similar to Theorem 2.5. We only show the dif-
ferences. For each fi ∈ Hpi(·)b , i = 1, . . . , m, fi =
∑∞
ki=1
λi,kiai,ki, where ai is a
(pi(·), b, di,∞)−atom (di ≥ dpi(·)) and
‖fi‖Hpi(·)b = inf A({λi,ki}
∞
i=1, {Qi,ki}∞i=1).
For the decomposition of fi, i = 1, . . . , m, we can write
[b, Iα]j(~f)(x) =
∑
k1
· · ·
∑
km
λ1,k1 · · ·λm,km [b, Iα]j(a1,k1 , . . . , am,km)(x)
in the sense of distributions.
We follow the standard argument in the previous chapter. Fixed k1, · · · , km, there
are two cases for x ∈ Rn.
Case 1: x ∈ Q∗1,k1 ∩ · · · ∩Q∗m,km .
Case 2: x ∈ Q∗,c1,k1 ∪ · · · ∪Q∗,cm,km .
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Then we have
|[b, Iα]j(~f)(x)|
≤
∑
k1
· · ·
∑
km
|λ1,k1| · · · |λm,km||[b, Iα]j(a1,k1, . . . , am,km)(x)|χQ∗1,k1∩···∩Q∗m,km (x)
+
∑
k1
· · ·
∑
km
|λ1,k1| · · · |λm,km ||[b, Iα]j(a1,k1 , . . . , am,km)(x)|χQ∗,c1,k1∪···∪Q∗,cm,km (x)
=J1(x) + J2(x).
Now Let us discuss the term J1(x). We will show that
‖J1‖Lq(·) ≤ C‖b‖BMO
m∏
j=1
‖fj‖
H
pj (·)
b
.(3.2)
For fixed k1, . . . , km, assume that Q
∗
1,k1
∩ · · · ∩Q∗m,km 6= 0, otherwise there is nothing
to prove. Without loss of generality, suppose that Q1,k1 has the smallest size among
all these cubes. We can pick a cube Gk1,··· ,km such that
Q∗1,k1 ∩ · · · ∩Q∗m,km ⊂ Gk1,...,km ⊂ G∗k1,...,km ⊂ Q∗∗1,k1 ∩ · · · ∩Q∗∗m,km
and |Gk1,...,km | ≥ C|Q1,k1|.
Denote M(x) := |[b, Iα]j(a1,k1 , . . . , am,km)(x)|χQ∗1,k1∩···∩Q∗m,km (x). Obviously,
suppM(x) ⊂ Q∗1,k1 ∩ · · · ∩Q∗m,km ⊂ Gk1,··· ,km.
By [38, Theorem 1.1], we have that [b, Iα]j maps L
r1×L∞×· · ·×L∞ into Ls (s > 1
and 1
s
= 1
r1
− α
n
).
Then we get that
‖M‖Ls ≤ ‖[b, Iα]j(a1,k1, . . . , am,km)‖Ls
≤ C‖b‖BMO‖a1,k1‖Lr1‖a2,k2‖L∞ · · · ‖am,km‖L∞
≤ C‖b‖BMO
m∏
i=1
‖χQi,ki‖−1Lpi(·)|Gk1,...,km|
1
r1 .
Repeating similar argument to the proof of (2.2) in Theorem 2.5, we can obtain
the desired result (3.2).
Secondly, we consider the estimate of J2. When x ∈ χQ∗,c1,k1∪···∪Q∗,cm,km (x), the L
q(·)
norm of J2 is controlled by∥∥∥∥∥
∑
k1
· · ·
∑
km
|λ1,k1| · · · |λm,km|(b(x)− bQj,kj )Iα(a1,k1 , . . . , am,km)
∥∥∥∥∥
Lq(·)
+
∥∥∥∥∥
∑
k1
· · ·
∑
km
|λ1,k1| · · · |λm,km||Iα(a1,k1 , . . . , (b− bQj,kj )aj,kj , . . . , am,km)
∥∥∥∥∥
Lq(·)
=: ‖J21‖Lq(·) + ‖J22‖Lq(·) .
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Let A be a nonempty subset of {1, . . . , m}, and we denote the cardinality of A by
|A|, then 1 ≤ |A| ≤ m. Let Ac = {1, . . . , m}\A. If A = {1, . . . , m}, we define
(∩i∈AQ∗,ci,ki) ∩ (∩i∈AcQ∗,ci,ki) = ∩i∈AQ∗,cj,ki,
then
Q∗,c1,k1 ∪ · · · ∪Q∗,cm,km = ∪A⊂{1,...,m}((∩i∈AQ∗,ci,ki) ∩ (∩i∈AcQ∗i,ki)).
Set EA = (∩i∈AQ∗,ci,ki) ∩ (∩i∈AcQ∗i,ki). For fixed A, assume that Qi˜,ki˜ is the smallest
cubes in the set of cubes Qi,ki, i ∈ A. Let zi˜,ki˜ is the center of the cube Qi˜,ki˜.
From Definition 3.1 and (2.8), we can easily get that
|Iα(a1,k1, . . . , am,km)(x)|
≤C
∏
i∈A
|Qi,ki|1+
d+1
n|A|
‖χQi,ki‖Lpi(·)(|x− zi,ki|+ l(Qi,ki))
n+ d+1
|A|
− α
|A|
×
∏
i∈Ac
|Qi,ki|1+
d+1
n|A|
‖χQi,ki‖Lpi(·)(|x− zi,ki|+ l(Qi,ki))
n+ d+1
|A|
=:C
∏
i∈A
Ui
∏
i∈Ac
Vi
(3.3)
for all x ∈ EA.
For x ∈ Rn, denote 1
si(x)
= 1
pi(x)
− α
n|A|
, i ∈ A. Then 0 < r(x) <∞ and
1
q(x)
=
m∑
i
1
pi(x)
− α
n
=
∑
i∈A
1
si(x)
+
∑
i∈Ac
1
pi(x)
.
We will discuss in two case to estimate J2. When j ∈ A, by generalized Ho¨lder’s
inequality in variable Lebesgue spaces we have
‖J21‖Lq(·) ≤
∥∥∥∥∥
∑
k1
· · ·
∑
km
|λ1,k1| · · · |λm,km|(b(x)− bQj,kj )
∏
i∈A
Ui
∏
i∈Ac
ViχEA
∥∥∥∥∥
Lq(·)
≤
∏
i∈A;i 6=j
∥∥∥∥∥
∑
ki
|λi,ki|UiχEA
∥∥∥∥∥
Lsi(·)
∥∥∥∥∥∥
∑
kj
|λj,kj |(b(x)− bQj,kj )UjχEA
∥∥∥∥∥∥
Lsj (·)
×
∏
i∈Ac
∥∥∥∥∥
∑
ki
|λi,ki|ViχEA
∥∥∥∥∥
Lpi(·)
.
We follow the similar argument in the previous chapter agian. Denote θ =
n+ d+1
|A|
n
and we can choose d large enough such that θp−j > 1 and θs
−
j > 1. Notice that
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1
θsj(x)
= 1
θpj(x)
− α/θ|A|
n
. By Lemma 2.3, we get that
∏
i∈A;i 6=j
∥∥∥∥∥
∑
ki
|λi,ki|UiχEA
∥∥∥∥∥
Lsi(·)
≤ C
∏
i∈A;i 6=j
∥∥∥∥∥∥
(∑
ki
|λi,ki|(Mα/θ|A|χQi,ki )θ
)1/θ∥∥∥∥∥∥
θ
Lθsi(·)
≤
∏
i∈A;i 6=j
∥∥∥∥∥∥
(∑
ki
|λi,ki|χQi,ki
) 1
θ
∥∥∥∥∥∥
θ
Lθpi(·)
≤ C
∏
i∈A;i 6=j
‖fj‖Hpj (·).
(3.4)
Repeating the similar but easier argument to (2.11) with α = 0, we get that
∏
i∈Ac
∥∥∥∥∥
∑
ki
|λi,ki|ViχEA
∥∥∥∥∥
Lpi(·)
≤ C
∏
i∈Ac
‖fi‖Hpi(·).(3.5)
Next we need to prove∥∥∥∥∥∥
∑
kj
|λj,kj |(b(x)− bQj,kj )UjχEA
∥∥∥∥∥∥
Lsj (·)
≤ C‖fj‖Hpj (·).(3.6)
For any constants s, si > 1, i = 1, 2, 3, denote that
1
s
= 1
s1
+ 1
s2
= 1
s1
+ 1
r2
− α
n|A|
=:
1
s3
− α
n|A|
.
Applying Ho¨lder’s inequality yields that∥∥∥(b(x)− bQj,kj )UjχEA
∥∥∥
Ls
≤ C
∥∥∥(b(x)− bQj,kj )UjχEA
∥∥∥
Ls1
‖|UjχEA‖Ls2
≤ C‖b‖BMO|Q|1/s1
∥∥∥|(Mα/θ|A|χQi,ki )θ
∥∥∥
Ls2
≤ C‖b‖BMO|Q|1/s1 |Q|1/r2
≤ C‖b‖BMO|Q|1/s3 ,
where the second estimate comes from the John-Nirenberg inequality.
Now we resort to the proof of (2.2) to have the desired results (3.6).
Therefore, when j ∈ A, by the estimates (3.4), (3.5) and (3.6) we have
‖J21‖Lq(·) ≤ C
m∏
i=1
‖fi‖
H
pj(·)
b
.(3.7)
When j ∈ Ac, we similarly have
‖J21‖Lq(·) ≤
∏
i∈A
∥∥∥∥∥
∑
ki
|λi,ki|UiχEA
∥∥∥∥∥
Lsi(·)
∥∥∥∥∥∥
∑
kj
|λj,kj |(b(x)− bQj,kj )VjχEA
∥∥∥∥∥∥
Lpj (·)
×
∏
i∈Ac;i 6=j
∥∥∥∥∥
∑
ki
|λi,ki|ViχEA
∥∥∥∥∥
Lpi(·)
.
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We only need to observe that∥∥∥(b(x)− bQj,kj )VjχEA
∥∥∥
Ls
≤ C
∥∥∥(b(x)− bQj,kj )UjχEA
∥∥∥
Ls
‖|UjχEA‖L∞
≤ C‖b‖BMO|Q|1/s
∥∥∥|(MχQi,ki )θ
∥∥∥
L∞
≤ C‖b‖BMO|Q|1/s.
Similarly, we can get (3.7).
Let us estimate J22. Observe that ‖ai,ki‖∞ ≤ 1‖χQi,ki ‖Lpi(·) and
∫
Rn
ai˜,ki˜(x)x
αdx =∫
Rn
ai˜,ki˜(x)b(x)x
αdx = 0 for any |α| ≤ d.
As the argument for (2.8), we similarly have that
|Iα(a1,k1, . . . , (b− bQj,kj )aj,kj , . . . , am,km)|
≤C‖b‖BMO
∏
i∈A
|Qi,ki|1+
d+1
n|A|
‖χQi,ki‖Lpi(·)(|x− zi,ki|+ l(Qi,ki))
n+ d+1
|A|
− α
|A|
×
∏
i∈Ac
|Qi,ki|1+
d+1
n|A|
‖χQi,ki‖Lpi(·)(|x− zi,ki|+ l(Qi,ki))
n+ d+1
|A|
for all x ∈ EA. The rest of the proof is same as the above. Then we have
‖J22‖Lq(·) ≤ C
m∏
i=1
‖fi‖
H
pj(·)
b
.(3.8)
In conclusion, combing 3.2, 3.7 and 3.8, we obtain that
‖[b, Iα]j(~f)‖Lq(·) ≤ C‖b‖BMO
m∏
i=1
‖fi‖Hpi(·)b .
We completed the proof of Theorem 3.1. 
Acknowledgments. The author wish to express his heartfelt thanks to the anony-
mous referees for careful reading. The project is sponsored by Natural Science Foun-
dation of Jiangsu Province of China (grant no. BK20180734), Natural Science Re-
search of Jiangsu Higher Education Institutions of China (grant no. 18KJB110022)
and Nanjing University of Posts and Telecommunications Science Foundation (grant
no. NY219114).
References
[1] J. Alvarez, Continuity properties for linear commutators of Caldero´n-Zygmund operators, Col-
lect. Math., 49 (1998), 17–31.
[2] S. Chanillo, A note on commutators, Indiana Univ. Math. J., 31 (1982), no. 1, 7–16.
[3] X. Chen and Q. Xue, Weighted estimates for a class of multilinear fractional type operators, J.
Math. Anal. Appl., 362 (2010), 355–373.
[4] R. Coifman, R. Rochberg and G. Weiss, Factorization theorems for Hardy spaces in several
variables, Ann. of Math., 103 (1976), 611–635.
[5] R. Coifman, A real variable characterization of Hp, Studia Math. 51 (1974), 269-274.
20 JIAN TAN
[6] R. Coifman and G. Weiss, Extensions of Hardy spaces and their use in analysis, Bull. Amer.
Math. Soc. 83 (1977), no. 4, 569-645.
[7] D. Cruz-Uribe and A. Fiorenza, Variable Lebesgue spaces: Foundations and Harmonic Analysis,
Birkha¨user, Basel, 2013.
[8] D. Cruz-Uribe, A. Fiorenza, J. Martell and C. Pe´rez, The boundedness of classical operators
on variable Lp spaces, Ann. Acad. Sci. Fenn. Math. 31 (2006), 239-264.
[9] D. Cruz-Uribe, K. Moen, and H. V. Nguyen. The boundedness of multilinear Caldero´nZygmund
operators on weighted and variable Hardy spaces, Publ. Mat., 63 (2019), no. 2, 679-713.
[10] D. Cruz-Uribe, K. Moen, and H. V. Nguyen. Multilinear fractional Caldern-Zygmund operators
on weighted Hardy spaces, arXiv:1903.01593.
[11] D. Cruz-Uribe and L. Wang, Variable Hardy spaces, Indiana Univ. Math. J., 63 (2014), 447-493.
[12] L. Diening, Maximal function on Musielak-Orlicz spaces and generalized Lebesgue spaces, Bull.
Sci. Math. 129 (2005), no. 8, 657-700.
[13] Y. Ding, S. Lu and P. Zhang, Continuity of higher order commutators on certain Hardy spaces.
Acta Math. Sin. (Engl. Ser.) 18 (2002), no. 2, 391-404.
[14] C. Fefferman and E. Stein, Hp spaces of several variables, Acta Math. 129, (1972), no. 3-4,
137-193.
[15] L. Grafakos, On multilinear fractional integrals, Studia Math. 102 (1992), 49C56.
[16] L. Grafakos and D. He, Multilinear Caldern-Zygmund operators on Hardy spaces, II, J. Math.
Anal. Appl. 416 (2014), no. 2, 511-521.
[17] L. Grafakos and N. Kalton, Multilinear Caldero´n-Zygmund operators on Hardy spaces, Collect.
Math. 52 (2001), no. 2, 169-179.
[18] K. Ho, Atomic decomposition of Hardy-Morrey spaces with variable exponents, Ann. Acad. Sci.
Fenn. Math., 40 (2015), 31-62.
[19] G. Hu and Y, Meng, Multilinear Caldern-Zygmund operator on products of Hardy spaces, Acta
Math. Sin. (Engl. Ser.) 28 (2012), no. 2, 281-294.
[20] J. Huang and Y. Liu, The boundedness of multilinear Caldern-Zygmund operators on Hardy
spaces, Proc. Indian Acad. Sci. Math. Sci. 123 (2013), no. 3, 383-392.
[21] C. E. Kenig, E. M. Stein, Multilinear estimates and fractional integration, Math. Res. Lett. 6
(1999), 1-15.
[22] O. Kova´cˇik and J. Ra´kosn´ık, On spaces Lp(x) and W k,p(x), Czechoslovak Math. J. 41 (1991),
592-618.
[23] R. Latter, A characterization of Hp(Rn) in terms of atoms, Studia Math. 62 (1978), no. 1,
93-101.
[24] W. Li and Q. Xue, Continuity properties for commutators of multilinear type operators on
product of certain Hardy spaces, Front. Math. China 9 (2014), no. 6, 1325-1347.
[25] W. Li, Q. Xue and K. Yabuta, Maximal operator for multilinear Caldero´n-Zygmund Singular
integral operators on weighted Hardy spaces, J. Math. Anal. Appl. 373 (2011), 384-392.
[26] Y. Lin, S. Lu, Boundedness of multilinear singular integral operators on Hardy and Herz-Hardy
spaces, Hokkaido Math. J. 36 (2007), no. 3, 585-613.
[27] K. Moen, Weighted inequalities for multilinear fractional integral operators, Collect. Math., 60
(2009), no. 2, 213–238.
[28] E. Nakai and Y. Sawano, Hardy spaces with variable exponents and generalized Campanato
spaces, J. Funct. Anal., 262, 3665-3748 (2012)
[29] H. Nakano, Modulared Semi-Ordered Linear Spaces, Maruzen Co. Ltd., Tokyo, 1950.
[30] W. Orlicz. U¨ber konjugierte Exponentenfolgen, Stud. Math., 3 (1931) 200-211.
[31] C. Pe´rez, Endpoint estimates for commutators of singular integral operators, J. Funct. Anal.,
128 (1995), 163–185.
[32] C. Pe´rez and R. Torres, Sharp maximal function estimates for multilinear singular integrals,
Harmonic analysis at Mount Holyoke, Contemp. Math., 320 (2003), 323–331.
[33] L. Pick and M. Ru˚zˇicˇkap, An example of a space Lp(x) on which the Hardy-Littlewood maximal
operator is not bounded, Expo. Math., 19 (2001), 369-371.
MULTILINEAR FRACTIONAL INTEGRALS AND THEIR COMMUTATORS 21
[34] Y. Sawano, Atomic decompositions of Hardy spaces with variable exponents and its application
to bounded linear operators, Integr. Equat. Oper. Th. 77 (2013), 123-148.
[35] J. Tan, Atomic decomposition of variable Hardy spaces via Littlewood-Paley-Stein theory, Ann.
Funct. Anal. 9 (2018), no. 1, 87-100.
[36] J. Tan, Boundedness of maximal operator for multilinear Caldero´n-Zygmund operators on prod-
ucts of variable Hardy spaces, Kyoto J. Math., (2018), to appear.
[37] J. Tan, Bilinear Caldero´n-Zygmund operators on products of variable Hardy spaces, Forum
Math. 31 (2019), no. 1, 187-198.
[38] J. Tan, Z. Liu and J. Zhao, On multilinear commutators in variable Lebesgue spaces, J. Math.
Inequal. , 11 (2017) no. 3, 715-734.
[39] J. Tan and J. Zhao, Multilinear Pseudo-differential operators on Product of Local Hardy spaces
with variable exponents, J. Pseudo-Differ. Oper. Appl., 10 (2019), no. 2, 379-396.
[40] D. Yang, W. Yuan, C. Zhuo, A survey on some variable function spaces, Function spaces and
inequalities, 299-335, Springer Proc. Math. Stat., 206, Springer, Singapore, 2017.
[41] D. Yang, C. Zhuo, E. Nakai, Characterizations of variable exponent Hardy spaces via Riesz
transforms, Rev. Mat. Complut. 29 (2016) 245-270.
[42] C. Zhuo, Y. Sawano and D. Yang, Hardy spaces with variable exponents on RD-spaces and
applications, Dissertationes Math. (Rozprawy Mat.) 520 (2016), 74 pp.
[43] C. Zhuo, D. Yang, Y. Liang, Intrinsic square function characterizations of Hardy spaces with
variable exponents, Bull. Malays. Math. Sci. Soc. 39 (2016), no. 4, 1541-1577.
Jian Tan, College of Science, Nanjing University of Posts and Telecommunica-
tions, Nanjing 210023, People’s Republic of China
E-mail address : tanjian89@126.com
